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To obtain the convergence of Riemann-Stieltjes sums, we will use a partial solution of a variational problem similar to that considered in \[[@CR1]\]. In \[[@CR1]\] the following problem was considered: given real $\documentclass[12pt]{minimal}
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Remark [1](#FPar1){ref-type="sec"} answers (negatively) the question posed few years ago by Krzysztof Oleszkiewicz if the truncated variation is the greatest lower bound for the total variation of functions from $\documentclass[12pt]{minimal}
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One application of Theorem [1](#FPar2){ref-type="sec"} will be a generalisation of the results of \[[@CR2]\] on the existence of the Riemann-Stieltjes integral. We will consider the case where the integrand and integrator attain their values in Banach spaces. The restriction to the Banach spaces stems from the fact that the method of our proof requires multiple application of summation by parts and proceeding to the limit of a Cauchy sequence, which may be done in a straightforward way in any Banach space. This way we will obtain a general theorem on the existence of the Riemann-Stieltjes integral along a path in some Banach space $\documentclass[12pt]{minimal}
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The famous Loéve-Young inequality may be stated as follows. If $\documentclass[12pt]{minimal}
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Let us comment shortly on the proofs of ([3](#Equ3){ref-type=""}) and related results that have appeared so far. Young's original proof of ([3](#Equ3){ref-type=""}) utlilised elementary but clever induction argument for finite sequences. Since then, there appeared several generalizations of ([3](#Equ3){ref-type=""}), for example, based on control functions; see \[[@CR8], Section 3.3\] or \[[@CR12], Section 1.3\]. Another proof based on control functions but with different constant may be found in \[[@CR13], Chapter 6\]. An abstract version of the inequality proven in \[[@CR13]\], called the *sewing lemma*, was proven in \[[@CR14]\]. All these approaches give an inequality where only *p*- and *q*-variation (or Hölder) norms appear, whereas our approach gives an estimate where the *p*-variation norm of *f*, that is, $\documentclass[12pt]{minimal}
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As it was already mentioned, it appears that it is possible to derive weaker conditions under which the improved Loéve-Young inequality still holds, and we will prove that it still holds (and the Riemann-Stieltjes integral $\documentclass[12pt]{minimal}
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From early work of Lyons \[[@CR15]\] it is well known that whenever *f* and *g* have finite *p*- and *q*-variations, respectively, $\documentclass[12pt]{minimal}
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Estimates for the variational problem {#Sec2}
=====================================
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Theorem 1 {#FPar2}
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Integration of irregular signals in Banach spaces {#Sec3}
=================================================

Directly from the definition it follows that the truncated variation is a superadditive functional of the interval, that is, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c\geq0$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d\in(a,b )$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \operatorname{TV}^{\delta}\bigl(f,[a,b]\bigr) \geq \operatorname{TV}^{\delta} \bigl(f,[a;d]\bigr) + \operatorname{TV}^{\delta}\bigl(f,[d,b]\bigr) . $$\end{document}$$ Moreover, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(E, \Vert \cdot \Vert _{E} )$\end{document}$ is a normed vector space (with norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert \cdot \Vert _{E}$\end{document}$), then we also have the following easy estimate of the truncated variation of a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g:[a,b]\rightarrow E$\end{document}$ perturbed by some other function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h:[a,b]\rightarrow E$\end{document}$: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \operatorname{TV}^{\delta}\bigl(g+h,[a,b]\bigr) \leq \operatorname{TV}^{\delta} \bigl(g,[a,b]\bigr) + \operatorname{TV}^{0}\bigl(h,[a,b]\bigr) , $$\end{document}$$ which stems directly from the inequality $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} & \max \bigl\{ \bigl\Vert g (t )+h (t )- \bigl\{ g (s )+h (s ) \bigr\} \bigr\Vert _{E}-\delta,0 \bigr\} \\ & \quad\le\max \bigl\{ \bigl\Vert g (t )-g (s ) \bigr\Vert _{E}- \delta,0 \bigr\} + \bigl\Vert h (t )-h (s ) \bigr\Vert _{E},\quad a\leq s< t\leq b. \end{aligned}$$\end{document}$$

Let now $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(E, \Vert \cdot \Vert _{E} )$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(W, \Vert \cdot \Vert _{W} )$\end{document}$ be Banach spaces, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(V, \Vert \cdot \Vert _{V} )$\end{document}$ be another Banach space, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(L (E,V ), \Vert \cdot \Vert _{L (E,V )} )$\end{document}$ be the space of continuous linear mappings $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F:E\rightarrow V$\end{document}$ with the norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert F \Vert _{L (E,V )}=\sup_{e\in E: \Vert e \Vert _{E}=1} \Vert F\cdot e \Vert _{V}$\end{document}$. Throughout the rest of this paper, we will assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f:[a,b]\rightarrow W$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g:[a,b]\rightarrow E$\end{document}$. We will often encounter the situation where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$W=L (E,V )$\end{document}$.
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Theorem 2 {#FPar4}
---------
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The proof of Theorem [2](#FPar4){ref-type="sec"} is based on the following lemmas.

Lemma 1 {#FPar5}
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(Summation by parts in a Banach space)
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Proof {#FPar6}
-----
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Lemma 2 {#FPar7}
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-----

The proof goes exactly along the same lines as the proof of \[[@CR2], Lemma 1\] with the obvious changes. The idea is to utilize Theorem [1](#FPar2){ref-type="sec"} and approximate the functions *g* an *f* by two piecewise linear functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g^{\varepsilon_{0}}:[a,b]\rightarrow E$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f^{\delta_{0}}:[a,b]\rightarrow L (E,V )$\end{document}$ satisfying the following conditions: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sup_{t\in[c,d ]} \bigl\Vert g (t )-g^{\varepsilon _{0}} (t ) \bigr\Vert _{E}\leq\varepsilon_{0}\quad\mbox{and}\quad \operatorname{TV} \bigl(g^{\varepsilon_{0}},[c,d]\bigr) \le2 \operatorname{TV}^{\varepsilon_{0}/4}\bigl(g,[c,d ] \bigr) $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sup_{t\in[c,d ]} \bigl\Vert f (t )-f^{\delta _{0}} (t ) \bigr\Vert _{L (E,V )}\leq\delta_{0}\quad\mbox{and} \quad\operatorname{TV} \bigl(f^{\delta_{0}},[c,d]\bigr) \le2 \operatorname{TV}^{\delta_{0}/4}\bigl(f,[c,d ] \bigr) . $$\end{document}$$ Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{0} := g$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{0} := f$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{1} := g_{0} - g_{0}^{\varepsilon_{0}}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{1} := f_{0} - f_{0}^{\delta_{0}}$\end{document}$, and for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k=2,\ldots,r$\end{document}$, define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{k}:=g_{k-1}-g_{k-1}^{\varepsilon_{k-1}}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{k}:=f_{k-1}-f_{k-1}^{\delta_{k-1}}$\end{document}$ similarly as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{1}$\end{document}$. Repeating the same arguments as in the proof of \[[@CR2], Lemma 1\] (multiple application of the summation by parts), we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}[b] & \Biggl\Vert \sum_{i=1}^{n}f ( \xi_{i} ) \bigl[g (t_{i} )-g (t_{i-1} ) \bigr]-f (c ) \bigl[g (d )-g (c ) \bigr] \Biggr\Vert _{V} \\ & \quad \leq4\sum_{k=0}^{r} \delta_{k-1}\cdot \operatorname{TV}^{\varepsilon_{k}/4}\bigl(g_{k},[c,d] \bigr) +4\sum_{k=0}^{r} \varepsilon_{k} \cdot \operatorname{TV}^{\delta_{k}/4}\bigl(f_{k},[c,d] \bigr) +4n \delta_{r}\varepsilon_{r} \end{aligned} $$\end{document}$$ and, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k=1,2,\ldots,r$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\operatorname{TV}^{\varepsilon_{k}/4}\bigl(g_{k},[c,d]\bigr) \leq3^{k} \operatorname{TV}^{\varepsilon_{k}/4}\bigl(g,[c,d]\bigr) $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\operatorname{TV}^{\delta_{k}/4}\bigl(f_{k},[c,d]\bigr) \leq3^{k} \operatorname{TV}^{\delta_{k}/4}\bigl(f,[c,d]\bigr) . $$\end{document}$$ By ([17](#Equ17){ref-type=""}) and the last two estimates we get the desired estimate. □

Now we proceed to the proof of Theorem [2](#FPar4){ref-type="sec"}.

Proof of Theorem [2](#FPar4){ref-type="sec"} {#FPar9}
--------------------------------------------

Again, the proof goes exactly along the same lines as the proof of \[[@CR2], Thm. 1\] with the obvious changes. □

An improved version of the Loéve-Young inequality {#Sec4}
-------------------------------------------------

Now we will obtain an improved version of the Loéve-Young inequality for integrals driven by irregular signals attaining their values in Banach spaces. Our main tool will be Theorem [2](#FPar4){ref-type="sec"} and the following simple relation between the rate of growth of the truncated variation and finiteness of *p*-variation. If $\documentclass[12pt]{minimal}
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### Corollary 1 {#FPar10}
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### Proof {#FPar11}
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### Remark 3 {#FPar15}
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### Remark 4 {#FPar16}
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-----------------------------------------------------------------------------
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### Proposition 2 {#FPar17}
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### Remark 5 {#FPar18}

The function *ϕ* satisfies the same assumptions as in \[[@CR20], Prop. 1\].

### Proof {#FPar19}
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### Remark 6 {#FPar20}

From Proposition [2](#FPar17){ref-type="sec"} it immediately follows that $\documentclass[12pt]{minimal}
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Irregularity of the integrals driven by functions from $\documentclass[12pt]{minimal}
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-------------------------------------------------------------------------------------

In \[[@CR15], Section 2\], there are considered $\documentclass[12pt]{minimal}
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Now we are ready to prove Theorem [3](#FPar21){ref-type="sec"}.

### Proof {#FPar24}
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